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Introduction 

At the Main Injector slow ext,raction proceeds via excitation of the half-integer 
resonance. Q uac III o es 1. p 1 distributed on the 53’d-harmonic provide the half- 
integer driving term, while octupoles distributed around the ring excite the Ot”- 
harmonic. The (non-linear) octupole field produces an amplitude-dependent 
tune-shift (& K x2), with larger amplitude particles having tunes closer to 
the half-integer. Consequently, t,he phase-space splits into stable and unstable 
regions. Ramping the harmonic quadrupoles increases the width of the half- 
integer stop-band. As the area of the stable region shrinks to the point that it 
no longer encompasses die beam emittance, large amplitude particles become 
unstable and stream out along the separatrices. 

The primary concern in design of the extract‘ion system is to achieve an accept- 
able compromise between the two conflicting processes of minimizing extracted 
Ilearn emittance and maximizing extraction efficiency. Machine aperture lirn- 
itations, in addition, constrain the maximum permissable amplitude for the 
circulating beam. The non-linear nature of the resonance guarantees that these 
characteristics are inter-dependent, functions of the extraction parameters: these 
being; the strengt,hs of ha,rmonic quatlrupole and octupole circuits, the effective 
betatron phase difference between the harmonic quadrupoles ant1 septum, the 
septum offset, and the initial tune separation from the half-integer. 

It is precisely because slow extraction is a non-linear phenomenon tht numer- 
ical tracking codes are nut the appropriate tools for initial exploration of the 
parameter space. The degree of true insight into the system dynamics obtain- 
able by such an approach is severely limited. The number of particles that can 
be conveniently tracked (typically N 1000) is sufficiently small that details of the 
system response are masked by statistical variations. Furthermore, tracking is 
limited to, perhaps, a few thousa,nd turns, which does not provide a particularly 
good approximation to the adiabatic slow extraction process. 
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It is the intent in this note to tlemonst,rate that analytic exploration of the 
system dynamics can quickly narrow the range of acceptable parameters. First, 
Hamilton’s equations of motion in the presence of perturbing quadrupole and 
octupole fields are given. In subsequent sections the step-size at the septum, 
maximum circulating beam amplitude, extracted beam emittance, and extrac- 
tion inefficiency are derived under the conditions which exist at the end of 
extraction; that is, when there is zero stable phase-space area. This simplifica- 
tion does not qualitat,ively alt,er the conclusions one obtains from the general 
case, but the resulting equations lend themselves more readily to transpar- 
ent interpretation. (Detailed general results will be presented elsewhere’). The 
concluding sections discuss the selection of the ext,ra?.ction para,met,ers, a.ntl com- 
pa,res analytic I)rediction wit,11 results obtainetl from numerical simula.tion. 

General Equations of Motion 

For isolated resonances, the motion of a particle in transverse phase-space can be 
represented by an idealized Hamiltonian, fi, which is an approximate constant 
of the motion. Near the half-integer, with only Ot“-harmonic octupole and 
53’d-harmonic quatlrupole perturbations, J? can be written as: 

fi = [S - rjcos(2&- x)]R'- 3iR4 (1) 

For simplicity, momentum-dependent effects and coupling between the tranverse 
planes have been neglected. The linear betatron phase advance f3 E J’ds/vp is 
conjugate to H. Other variables are: t,he fractional tune separation; 

6 = (53/2 - v) 

ant1 the action-angle variables, RZ ant1 #J; 

(2) 

The half-integer driving t,erm { is defined as G c [c& + qs]“‘, where cl.7 nnd clc 
are the orthogonal sine and cosine-like quatlrupole contributions: 

1 . 1 . 
cl.9 = TG 

ds B',fJ 
I- * sin(53t)) ; qc = g- ds B’P 
2&p f ‘2Bop 

* cos(53B) (4) 

‘elsewhere: not here. 



The angle x determines the orientation of the phase-space at the septum: 

x z tun-’ [q&&c] (5) 

The O’h-hnrrnonic tcmn i is the int,cgral of the octupolc field around the ring: 

In the interests of brevity of notation, it is convenient to change the normal- 
ization of the Haaniltonian. First, r;T is resealed t,o H G ri/S, and the new ^ 
conjugate varkdde becomes t? E 60, which a.dvances by 2~6 per turn. The 
explicit dependence on the octupolc field i caa be removed by rescading the 
transverse action co-ortlkmte R” to ? E (6,k/b) . R". With these revisions the 
Hamiltonian becomes: 

);. = [I- qc42+ x)]? - r4/2 (7) 

Now IC, E (6i/S)H is the approximate constant of the motion, and q f i/6. In 
this normalization q i 1 in t,he limit of zero stable phase-spa.ce. 

Hamilton’s equa,tions of motion are determined from (7): 

dr*” i3K - = --= 
d6, a$b 

-2q7%42q!J - x) 

(14 -= 
tlH 

+g = [l - qcos(24J - x)] - r2 

The fixed points are those values for which eqns.(S) are zero: 

24,7--x = O,n,2n,3x (9) 

The unstable fixed points are 0,2x, or C$ F = x/2, and K + x/2. Stable fixed 
points are located at x and 37r. At the unstable fixed points: 

r; = [l - fps(2c#lp - x)] -+ (1 - (1) 

ant1 7$ ---f (1 + Q) at the stable points. The existence of the two stable fixed 
points at large radii means that all phase-space contours of constant fi are, 
in fact, closed. However these points are so far from the origin that,, for the 
purposes of the current, discussion, the separatrices are effectively unl~ounded. 



From eqns.( 7)-( 10) the sepa.ra,trices in general therefore satisfy: 

1 4 - 2 [l - (1”“5(24 - x)] r2 - (1 - q)” = 0 (11) 

ox-, equivalently: 

[r.’ - 2&sin(4 - x/2)r - (1 - q)] [? + 2fisin($ - x/2)7. - (1 - q)] = 0 

This is the description of two overla,pping circles of unit radii. This is most, 
clearly seen by rewriting the equation in terms of normalized phase-space vari- 
ables 2 and i’, rela,tecl to 7’ a,nd I$ a,t the septum by 2 [?I G ~co.s(qS) [7.sin.(d)]. 
The two curves clesc.ribing the sepa,ratrices then ta.ke the form: 

[ri f &siu(x/2)]” $ [?’ T ,&x(y/2)]” = 1 (12) 

The fixed points in this notation a,re given by the intersection of the two circles: 

(13) 

The stable phase-space region is the area enclosed hy the overlap of the two 
circles. Extraction begins when q ant1 X are such that the stable region has 
shrunk to the point, tld it ecpmls the emitta.nce of the circulating 1)ea.m: 

7rc = ; {siu-l[Ji--(r] - &i-q} (14) 
I 

The generally high quality of the II;l.miltonian clescription is apparent from 
Fig.1, which compares representative contours of constant fI. The upper clia- 
gram shows predicted contours for (norma7.1ized) emittances of TEN = 10,30,90, 
and 2707r-mm-mr. The lower c1iagra.m shows the corresponding results frorn 
numerically tra.cking particles initially launched with these values. The har- 
monic qua,clrupole strength (i is such tl1a.t the 30~ contour is the stability limit. 
The other relevant parameters (5, A, ant1 x) are values appropriate to the Main 
Injector. (The selection of these parameters is, of course, the subject of sulxe- 
quent sections). The evolution of a typical contour as t,he stop-band width (4) 
is increased during extraction is shown in Fig.2. 
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Figure 1: Cornprison of representative contours of constant fi. The upper 
diagram shows predicted cont,ours for r<N = 10,30,90, and 27&r-mm-inr, while 
the lower diagram results from numerical t,ra.cking. The innermost, cont,onr is 
stable. The next is the stability limit wit,11 fixed points at the intersections of 
the circles. The rema.iuing contours are unstable. 
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Figure 2: Evolution of a typical contour during extraction: a) centml stable 
and outer unstable contours are unconnected; II) stability limit, with the st,able 
region giveu by the overlap of the circles; c) both contours are unstalde, and; 
cl) at the end of extraction ((i = S). 



Step-Size at the Septum 

Given values of 6, X, and t,he septum offset; extraction efficiency, extracted 
emitta.ncP, a.nd maxirnunr a,lnplitude of the circulat,ing bea,m are determined by 
the step-size at the septum. Since the separa,trix is a circle of unit, radius, the 
motion of particles in * - i’ spa.ce ca,n be described by an angle of rOt,il,tiOll 

abont the circle center. At the end of extraction (q = I) the angle q is: 

2 - Si?L(~/2) = -COS(I]) (15) 
2' + cos(~/2) = +sin(q) 

This co-ordinate system is depicted in Fig.3. 

The two-turn increa?.se A?/ in q is fount1 1)~ first differentiating eqns.( 15): 

= 2 [?' + cos(x/'L)] [:Cn(x'/2) - i'cos(x/2)] 

*$ = 2 [l - sirz(q + x/a>] 

where the final line follows from the definitions (15). The increase A,q in ‘pl is 
then solved from the integral equa.tion: 

s 

vu+& tirj 
(17) 

r/II 2 [I - sin(q + s/2)] = 47Tn‘ 

where the right-halltl side results frolrl H advancing by 4x6 in two turns. 

The solution to (17) is stlaiglrtfolw;l.ltl: 

Aq = 2 ' tnn-’ 
4iT6 * [l - sin(q) + x/2)] 
1 t 47rs * COS(r/" t x/2) > 

The initial tune sepation b from the half-integer is a, sma.11 number << 1 
(6 = .015 at tl le I njector, for exa?.mple). It is a good approximation therefore to 
expand the right-hand side of the above equation to first-order in S: 

7 



Septum 

-1 -1 -0.5 0 -0.5 0 0.5 0.5 1 1 1.5 2 1.5 2 
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Figure 3: Motion of a particle in normalized ? - ? space in terms of the angle 
q. The septum is at, ‘Q. The step-size at the septum is fIq. 
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Maximum Amplitude of Circulating Beam 

Aperture restrictions (physical or dynamic) limit the ma,ximum amplitude per- 
missal~lc for the circulnting 1xa.m. R.eferring t,o Fig.3, t,he a.mplitutle at the sep- 
tum is the tlista.nce from the origin (~1 = n/2 - x/2) to the point. 7 = qO + Aq. 
If Pmaz is the largest betatron iunplitutle in the machine, then the maximum 
amplitude is simply: 

Extracted Beam Emittance 

The emittance of the ext,ractetl loom can be defined in two (inequivalent) ways. 
Extract,etl particles fdl essent,ially along a stra.ight line in phase-space. During 
the course of extra.ction, however, the step-size ant1 orient,atiori at the sept,um 
varies slightly so tlmt t,he line hec.omes l~roa.tle~~ed. This are>>. swept, out, 1)~ t,he 
particles is the usua.1 tlefiiiit,ion of ext,ractetl bea7.iri emit,taiice encouliteretl in the 
literature. However, this qua,Jit,ity ca.n be a misleadingly small number and great 
care must be taken in its interpl~etation to avoid possible aperture problems in 
the extraction bearnline. An alt,eruative which avoids this complication (and 
the definition employed here) is to define extracted emitta.nce as the area of the 
smallest phase-space circle tha?.t encompasses all the particles. In other wads, 

extracted beam emittance is defined eqnivalently to a circulating beam. 

The radins of the smdlest circle enclosing the extracted beam (refer to Fig.3) 
is s’14A7//2). The extracted enlitt,ance is therefore: 

Extraction Inefficiency 

Extraction inefficiency is defined as the fraction of particles that are lost by 
hitting the sept,um wires relative t,o t,lle number thazt are ext,ract,etl. The density 
of particles a.t a.ny l)oiut, along the outgoing sepa,ra?.trix is inversely proportional 
to the streaming speed at that point. If it is assnmetl that all particles hitting 
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the wires are lost, then the inefficiency J can be calciilatetl using t,he results of 
eqns.( lG)-( 18), ant1 expressed as: 

(22) 

The denominator is the total rulmber of pa,rticles extractecl. The finite upper 
limit of integraztion reflectas t,lie fa,ct tlist the inaximuin vdiie of 5 is limited by 
tlie step-size at the septum. From eqn.( 17) tile tlenomirmtor is krrowrl to be 
4~6. The numerator is the fra.ction of pbicles striking t,he wire of width 2. 
(The normalized wjtltll LL is r~elstetl to the pllysicd width w by G = Jm.w). 
For a thin wire dd/d8 does not va,ry appreciably a.cross the width of the wire, 
so it cm be removed from under the integral sign, wit,h the result: 

f= 
L.2 

87rS . Si”(“7(,) [l - SiTl(T/() + x/2)] (23) 

Using the apl)roximation (19) for Aq, and noting t,ha.t side z 1 always, the 
inefficiency can be writteii in terms of t,lie step-size iiS Rpproxinia.tely: 

fz 3x, w 
J 2Og sisl (AT//~) 

Comparing the above expression for f with extra.ctetl emittance (21) leads to 
the remarkable relationship: 

(25) 

Extracdon efficiency can 0111~ be improved at the expense of Mowing up the 
extracted emittarlce. This in itself is not, surprising, but eqn.(25) claims that, 
at least to first order, the correspondence between inefficiency ant1 emitta.nce is 
indepei~tlei~t of octupole streligtli, pliiue-angle x, initial tune separation 6, ant1 
septum offset! For a given Vil.lllc? of emittance the only paaameters that affect 
eflicieiicy are the wire witlt,h w and aitiplitutlc /J at t,lie sept,um. 

Septum Offset 

The Injector MI-52 straight, scct,ion must a.ccomotlate a. variety of extra,ction a.ntl 
injection sceimrios. It, is tIesira7.1,1e, therefore, to rninirriize the slow-extra?.ctetl 
beam size a.t t,he ~Xt,l~iK.t,iOll L~~llll~eltsorl. For a. I,a.rrll,ertson located 90” in 
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beta.t.ron phase dowstream of t,llc septwu, it is clew from Fig.3 t,lliI,t. this will 1~ 
accomplished if the angle q, is chosen such that;: 

With this simplificat,iorr equ.( 18) carp be rewritt,erl t,o express t,he st,ep-size Aq 
exclusively as a filrlctiorl of tlic i~ngle y arrtl time Sf2p~~l’i~tioll 6: 

Aq = 2 . sill-’ 
47Th 

1 + (47rb)’ 
(27) 

Perusing Parameter Space 

With step-size related to septum offset q,, by eqn.(26), the other relevibnt ex- 
traction properties can be simplified to: 

s/J 

:~:,e,’ = ---$ . [s%‘~A (x/2) - si7/, @7//z)] (2s) 

8~6 . cos @/j/2) [I - cm (Aq/2 - x/2)] (31) 

The variat,ion of mr?.ximum bea7.m amplitude, emittij?.nce, and inefficiency with 
the extr,zctioii l~i~~iUKlC!t.C~S call be exl)loretl as follows: given iLll iriitid tllrle 
separation 0 a.ntl ha?.rmoiGr: phase 5/2, st,ep-size at, the sept,urri is defined by 
eqn.(27), aml; given a value for the septum offset z,,~, the octupole strength 
X required is fixed by condition (28). There are no remaining free parameters 
at this point and fl,nC,r, ~6, and S are completely defined. Variation of 6, zSCp, 
and x/2 then spurs the paramet,er space. Table 1 illustrates this procedure for 
tune separa?.tion 6 = .020, sept,um offsets of 14, 16, ant1 18 mm, a,ntl appropriate 
values of x/2. Tables 2 ant1 3 reped the procedure for 5 = .015 and .OlO. 
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xl2 o 
Septum Offset = 16.0 mm r 

x amar TEN f 

m-’ I mm I n-mm-mr I % 
40. 160 26.1 1 9.1 1 3.68 
45. 189 27.1 1 12.0 1 3.25 

” 

50. 215 28.2 15.6 2.90 
55. 239 29.4 20.0 2.60 
60. 258 30.8 25.3 2.34 
65. 273 32.2 31.7 2.12 L 
70. 283 33.9 39.5 1.92 

* 75. 288 35.8 49.1 1.74 
80. 287 37.9 60.9 1.58 

Septum Offset = 18.0 mm 

x/2 O I x I ama, BCN f 

m-1 mm *-mm-mr % 
40. 126 29.4 11.5 3.27 
45. 149 30.5 15.2 2.89 
50. 170 31.7 19.8 2.58 
55. 188 33.1 25.3 2.31 
60. 204 34.6 32.0 2.08 
65. 216 36.3 40.1 1.88 
70. 224 38.1 50.0 1.71 
75. 228 40.2 62.1 1.55 
80. 227 (42.6 77.1 1.40 

Table 1: Variation of octnpole strength, maximum circulating l,e;LIkl arrlplit,r~tle, 
(normalizetl) extracted einitt,ancc, ant1 extraction inefficiency as a function of 
the harmonic phase angle x/2 ant1 septum offset. pSey = 36 m, &,z = 00 in, 
w = 0.1 mm, and initial tune sepa.ratioii from the Ilidf-integer 6 = .020. 
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n Septum Offset = 16.0 mm 

Table 2: Sane description as Table 1, but with 6 = .015 



Septum Offset = 18.0 mm 
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From the preceding taldes [altl eqns.(28)-(31)] some general features a.re evi- 
dent: 

6 For fixed h, ,u/2, mtl hcrcming septum offset: 

1. octupole field strcngtli required decrewes. 

2. rnaximuiii cimila.tiiig Leain arnplitutle increa,ses. 

3. inefficiency [ext ractctl emit tance] decreases [increaes]. 

0 For fixed 6, :I:,,~, illltl illClT%siI~g X/2: 

1. octupolc fieltl strength required illClY3Wes. 

2. ttiaxittiutti Cil~CUlil.t.illg I)C~il.lIl iU1lplitl1tle incrciwes. 

3. itiellicieilcy [C’XtmriI.Ct,Ptl elIlit.tiI.llC~] decreases [iilcremes]. 

l For fixed ‘I ..yel,, x/2, Ultl tlWXCJilSillg 6: 

1. 0ctupOle field st,rellgtlt required tleclY3tses. 

2. maxirnim ciu3llating bemn iunplitntle increases. 

3. ineflicieucy [extlact,etl enlittance] increaes [tlecrea,ses]. 

Application to the Main Injector 

Constraints specific. to t,lle Mi~.ill Injector eliminate most, of the pa.raikiet,er sets 
listed in Taldes 1-3: 

l The oct,npole field X is gencla~tetl nca.rly entirely by t,he octupole compo- 
nent of the 84” qimllupoles in tlie ring mid the O”“-hrinonic octupoles. 
The int,egra?.tctl field of a~ 54” qua.d at 120 GeV is B”‘L/Bop = 0.45Om-“. 
With the il.Ver;l.ge Vdue < ,P >l/” SZJ 56.5n2, the cont,ribution t,o X [eqn.(G)] 
from the 64 F quads is z 1.5073~~~. A lmmonic octupole operating a.t 
its peak current of IOA genemtes a field B”‘L/Bop = 0.418m-“. With 
< /y >I/:! x 51.57,~ the 54 oct.upoles colit.ril,ute at, most, X M 1007)Lm1. 
Therefore, >\.I1 i~,cc<~l)tril,l)le V;IIW for X is hitetl to the rmge: 

x 5 250m-’ (32) 
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l The extra.ction Larnbertsons a.t, MI-40, MI-52, MI-60, ant1 MI-62 retlnce 
the avda.ble 1lO~iZOl~til.l q)erture at those locations to rouglily hillf the 
beaanl)ipe witlt,h of 5”. An ir.ccel)td)le range for (I.,,, is therefore: 

Findly, if it is tlecitlctl (sornewl1;l.t arbitrarily) that extraction inefficiency sl~oultl 
not exceed 3’%, t,hen, of the 81 entries in Tables l-3, only the 8 l)a.r;r,lneter sets 
listed in Table 4 below lneet, the specified criterk. 

Tune Separation 6 = 0.020 

I Septum Offset = 16.0 mm u 
II xl2 O x %“Z *EN f 

,m-l mm 7r-mm-mr % 0 
n 50. 215 I 28.2 f 15.6 I 2.90 II w II I I I ~~~ 

I 29.4 1 1 
L 

55. 239 20.0 2.60 

Septum Offset = 18.0 mm 
45. II 149 I 30.5 1 15.2 1 2.89 
50. 170 31.7 1 19.8 1 2.58 

n 

Tune Separation 6 = 0.015 

SeDtum Offset = 16.0 mm 

x/2 O x - 4nar HEN f 
m-l mm r-mm-mr % 

65. 224 30.1 16.6 2.76 
70. 235 31.5 20.5 2.50 

Septum Offset = 18.0 mm 

55. I 152 I 31.2 1 13.4 I 3.00 

x/2 O 

90. 

Tune Separation 6 = 0.010 

Septum Offset = 14.0 mm 
x %4= KCN 

m-l mm a-mm-mr 

235 31.0 14.1 

7 

f 
% 

2.86 

Table 4: Entries from Tddes l-3 consistent with the reqnirernents: X 5 250111-‘, 
u,,,,, 5 32~1~m, z~1t1 f 5 3.0%). 
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Calculation ‘us Computation 

It is time to confront the preceding predictions wit,11 numerical tracking resulbs 
to tletemine if the effort IiilS been at- aJl wortl~wl~ile. In the current inc(zrna.tion 
of the Main Iiljector the 53’“-harmonic is excited 1,~ 8 alternately F ant1 D 
quads at locations #206,208,210,212, ant1 #506,508,510,512. This dist,ril)ut,ioll 
protl~ccs a l)h;r,se angle x/2 x 70” at, the MI-52 septum. The OL“-hazrl~~onic 
is generated by octupoles i1.t the 54 focussing sextupole locat,ions plus t,lie oc- 
tupole component of the MI 84” quads. A harmonic octupole kick of 0.385~~“, 
augmentetl by the kick provided by the 84” quads generates a net field of X 
22 235m-'. Selecting an initial tune separation 6 = .015 and septum offset of 
16mm, the predicted dues for u,,,,, KcN, and f can be found in Table 4. 

The numerical code” employed in t,he slow ext,ractiorr simulation tra,cks parti- 
cles via transfer matrices t,hrough drifts, dipoles, and qiia~driipolc~s, while higliel 
multipoles are treaztetl as kicks 1,~ zero-lengt,ll elements. Field errors anti nris- 
alignments are riot0 included. The simulation proceeds as follows: the horizoiltal 
tune is rhised t,o 213.485 iUlt1 1000 1)articles are rantlomly seledetl from a 3On 
Gaussian-tlistrilmtetl transverse phase-space. During the first, 250 turns t,he 
harmonic octupoles and quadrupoles are ramped to .385sm-” ant1 3.75(-4)m-‘, 
respectively. At this point 30x emittance particles are marginally stable. Ex- 
traction occurs during the suhseqnent 1000 turns by ramping the harmonic 
quads to 4X5(-4)n~-‘, which moves the half-integer stopband through the beam. 

Tracking results for the extraction parameters are compared with calculated 
values in Table 5. 111 Fig.4 the circulating beam phase-SpiILe sampled irea,r the 
end of extraction is shown overlaid on t,he calculated sepa.ra.t.rices. Fig.5 shows 
the (normalizetl) ext,ract,etl eiriitt,ance accumulat~etl over the eXtliLCt.iOll cycle. 

, 

Method of Solution 

Calculated 
Tracking 

amar BCN / 
mm *-mm-mr % 
31.5 20.5 2.50 
32.3 23.2 2.34 

Table 5: Comparison of ca.lcnla.tetl and computed extraction parameters for 
,-y/2 = 70", X = 235~~~', ~3 = .015, and ;I:,,~ = 16mm. 

‘J A Jollustoue; uupuldislletl, lllltlocllllrelltetl, uu:~vddde, a11t1 ‘ITS’ protected. 
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Figure 4: Circnla.t,illg bea?.ln pha,se-spce nea?.r the end of extmction. Tmcking 
results (tlot,s) are COlll~)iWt!tl wit,11 the pretlict,etl sepil.ril.triCeS ((IitSlleS). The high 
density of I)i1.l3iCleS in t,lie repjo 3: 2 X,,,2 is t,lle eXt,laCt,eO l)eml ~?.CCllll~llli~.t.~~tl 

over the entire cycle. 



Normalized Extracted Phase Space 

I / I \ I - 

Figure 5: Enla,rgement from Fig.4 of the (norrna.lizetl) extmctetl heam emittrance 
defined by die 1000 pii.rt~icles extmcted during the slow-spill cycle. 


